Asymptotic formulae for the mechanical and electric fields in a piezoelectric body with a small void are derived and justified. Such results are new and useful for applications in the field of design of smart materials. In this way the topological derivatives of shape functionals are obtained for piezoelectricity. The asymptotic formulae are given in terms of the so-called polarization tensors (matrices) which are determined by the integral characteristics of voids. The distinguished feature of the piezoelectricity boundary value problems under considerations is the absence of positive definiteness of an differential operator which is non self-adjoint. Two specific Gibbs' functionals of the problem are defined by the energy and the electric enthalpy. The topological derivatives are defined in different manners for each of the governing functionals. Actually, the topological derivative of the enthalpy functional is local i.e., defined by the pointwise values of the governing fields, in contrary to the energy functional and some other suitable shape functionals which admit non-local topological derivatives, i.e., depending on the whole problem data. An example with the weak interaction between mechanical and electric fields provides the explicit asymptotic expansions and can be directly used in numerical procedures of optimal design for smart materials.
Introduction
The paper is devoted to the asymptotic analysis of boundary value problems for coupled models. The coupling occurs between the mechanical part which takes the form of the linearized elasticity and governs the stress-strain state of the body, and the electrical part which describes the electromagnetic field in the body.
From the view point of applications, piezoelectric materials are of common use in electromechanical sensors and actuators, e.g., ultrasound transducers in medical imaging and therapy, force and acceleration sensors, positioning sensors, surface acoustic wave filters, still with the growing range of applications in modern technology. Their mode of action is based on the piezoelectric effect, that couples the electrical and mechanical behavior of such materials. For the optimal design of piezoelectric devices, efficient numerical procedures for shape and topology optimization should be still developed. In the modern theory of shape optimization it is required that the derivation of shape and topological derivatives of shape functionals to be optimized is performed beforehand. From one side, the derivation of shape gradients of integral functionals in smooth domains [49] and non-smooth domains [28] (cf. [40, 41] ) has become a standard procedure. There is no major difficulty to perform such a shape sensitivity analysis for the elliptic boundary value problem under considerations. However, the boundary value problem in piezoelectricity cannot be posed in such a way that it simultaneously is formally self-adjoint and possesses a semi-bounded quadratic form. This specific feature makes the problem more involved from the asymptotic analysis point of view compared to the pure elasticity or pure electricity boundary value problems. In addition, the general case of inhomogeneous and anisotropic body is considered, which also requires for additional and new technicalities in asymptotic procedures which is the main subject of the paper. In particular, different formulations of the piezoelectricity problem (cf. Sections 2.3, 2.4, 3.3) lead to two definitions of the polarization matrices which differ one from another by its properties. Moreover, only the electrical enthalpy, which is but the governing functional for the piezoelectric media (see, e.g., [12, 15, 46] ) admits the topological derivative dependent on local characteristics of mechanical and electrical fields. Other shape functionals, especially the energy functional, get the topological derivatives dependent on the global characteristics of mechanical and electrical fields. This acquired trait raises the natural question on the properties of material derivatives for piezoelectricity in the framework of the shape sensitivity analysis with smooth or non-smooth boundary variations, it is clear that the result could be of the same nature, since the topological derivatives can be identified from the first order shape gradients by a limit passage e.g. in elasticity, [51] (cf. also [14] ).
In the paper, we restrict ourselves to the asymptotic procedures of singular domain perturbations which allow us to obtain, in a natural way, the topological derivatives of shape functionals. In principle, the method developed here can be generalized to characterize the influence on solutions of the nonsmooth boundary variations, therefore, we can derive the shape gradients even in such a case, e.g., for small defects located close-by the boundary, including micro-cracks (see [42] ).
Without entering into details, but with the strong practical implications in mind, we can claim that some possible applications of shape optimization in the field concern the design of electro-acoustic transducers which are constructed with piezoelectric actuator-patches and capacitative micro-machined ultrasound transducers. The task for optimal design for a class of electrostatic-mechanical-acoustic transducers can be e.g., the topology of electro-acoustic material and the topology of the electrodelayers, in order to achieve a maximal acoustic pressure, or a maximal acoustic energy in a specific sub-domains of the hold-all-domain. We refer the reader e.g. to [46, 12, 15] for modeling of piezoelectric materials, to [18] for material tensor identification for such materials, and to [19] for control issues.
Our aim is a possible application in shape optimization, thus we introduce the so-called topological derivatives of shape functionals for piezoelectric materials. It seems that the models are not up to now used in applied mathematics for the purposes of shape optimization, although the smart materials are of common use in the engineering practice. In shape optimization, the modern approach to numerical solution, requires the preliminary knowledge of explicit formulae for shape gradients [49] as well as of the topological derivatives [50, 40, 10] . These formulae are used in the level-set-type methods which model the geometrical domain evolution by a zero-level set of solutions to non-linear hyperbolic equations of the Hamilton-Jacoby type. The shape gradient are present as the coefficients of the equations, and the topological derivatives are used to improve the values of the shape functional under consideration by the appropriate topology changes, e.g., for the minimization of the shape functional, the minima of the topological derivative of the functional indicate the location of a new hole in the geometrical domain [2, 8, 9 ].
2 Preliminaries. Problem formulation and description of results
Shape optimization in piezoelectricity
This paper is motivated by the fact that, among numerous publications on shape optimization, shape sensitivity analysis for piezoelectric bodies does not exist, although piezoelectric materials are of extremely wide usage in the modern technologies, one can think of a simple lighter, available in any supermarket, or an elaborated computer work-station in a university. One, and definitely not the only one, distinguishing feature of such smart materials implies an easy energy transfer in both directions from mechanical fields to electric fields. The mathematical modeling of such a phenomenon leads to serious complications of analysis for governing partial differential equations because the corresponding boundary value problem is not formally self-adjoint in contrast to the boundary value problems for purely elastic bodies or purely electromagnetic media. This fact requires for the development of new mathematical tools and a careful choice of the cardinal shape functional while neglecting of non-self-adjointness provokes mistakes in both, mathematical formulae and physical interpretation of the obtained results (see Remark 21 below). Introduced in [50] 1 , the topological derivative T (u 0 ; ω 1 ) of a shape functional J is intended to describe the change of the functional J due to nucleation of holes or voids and allows to extend possible variations of the shape in an optimization process [2, 8, 9] in comparison with classical tools (cf. [49, 5, 6] ),
In (2.1), h > 0 is a small parameter, i.e., the diameter of the opening ω h in the entire body Ω ⊂ R n , u h and u are solutions of the boundary value problem in Ω(h) = Ω \ ω h and Ω, respectively, and the exponent κ > 0 depends on the space dimension n and boundary conditions imposed on the interior (n − 1)-dimensional surface ∂ω h .
Asymptotic analysis of elliptic problems in singularly perturbed domains, e.g., methods of matched and compound asymptotic expansions (cf. [16] and [28] , respectively), has become the most appropriate and relevant to obtain almost explicit formulae for the topological derivatives as it has been demonstrated in [40, 41] and others. We also mention books [32, 3] where the subject is studied, to some extend, from physical and numerical point of view.
Strangely enough, only self-adjoint problems were heretofore examined carefully, although the fullblown approach in [28] can work for general boundary value problems for elliptic systems. In this paper we partly fill this gap by adapting formula (2.1) to certain shape functionals for a piezoelectric body.
The piezoelectricity problems admits two different formulations with non-symmetric and symmetric but non-semibounded quadratic forms, the energy and electric enthalpy functionals, respectively. By means of the Lax-Milgram lemma, the first formulation furnishes the existence and uniqueness result. At the same time, the topological derivative of the energy functional is a non-local characteristics of the piezoelectricity solutions in contrast to the pure elasticity problem (see Remark 21 below), while the absence of this intrinsic property is not caused by an incorrect definition (2.1) but occurs as well for the energy release rate in mechanics of cracks for piezoelectric media (see Remark 21 again) . The fair explanation, we refer the reader to [52] for the modeling issues, of the latter refers to the electric enthalpy as one of Gibbs' functional obtained from the energy functional by the partial Lagrange transform on the electric components. This is the electric enthalpy E(u h ; Ω(h)) (see the definition in (2.20) ), that governs the mechanical electric state of the piezoelectric body Ω(h) and, therefore, the second formulation becomes variational and provides the clear interpretation of the topological derivative T E (u; ω 1 ) in
The indicated peculiarity of the piezoelectricity problem crucially influences topological derivatives of other shape functionals, too. For example, the traditional adjoint state (cf. [5, 49, 50] ) has to be found out in the formally adjoint boundary value problem that occasionally underlines its name.
All the above observations lifts the piezoelectricity problem on the top of the list of unsolved problems in shape optimization, it seems that even the classical formulae for material derivatives, which are not under consideration in the paper, ought to be revisited.
Methods of asymptotic analysis
Nowadays there exist several methods to construct asymptotic expansions of solutions to elliptic boundary value problems in domains with singular perturbations of boundaries. First of all, we mention two methods, namely, the method of mathed asymptotic expansions and the method of compound asymptotic expansions (cf. monographs [16] and [28] , respectively), which in general appear to be of the same power. Indeed, based on different asymptotic procedures, the matching procedure and the procedure of of rearrangement of discrepancies, they result in asymptotic expansions which differ at the first sight one from another, but can be readily transformed one into another (we refer to the introductory chapter 2 in [28] ). By the way, we silently use this transformation while presenting at the end of Section 3.5 an alternative way of presentation the asymptotic form of the derived solution. The method of compound asymptotics is employed throughout the paper for two reasons. First, the results given in [28] are obtained in relatively general formulation which includes the elliptic systems of partial differential equations not necessarily formally self-adjoint (cf. discussion in the preceding Section 2.1). On the other hand, in the monograph [16] the results are established exclusively for the scalar second-order elliptic equations in the divergence form. Second, the method of compound asymptotic expansions is carefully matched with theory of elliptic problems in domains with conical outlets to infinity, specifically the exterior domains (cf. [ [39] ; Ch.6], and [35] ) while for our purposes this theory is used further to introduce and investigate the polarization matrices in piezoelectricity.
Since the problem under studies is geometrically very specific, i.e., it concerns only one small opening inside of a domain in R 3 , the other methods of asymptotic analysis can be employed. In Remark 18 (2) we mention the case of piecewise constant coefficients which makes suitable an asymptotic analysis of the equivalent boundary integral equations obtained from fundamental solution (cf. [3] with similar results in elasticity), although no fundamental matrix is known in piezoelectricity. The other possibilities include among others the homogeneization technique relying on the so-called delute limit (see [17] , [31] , [26] and many others). However, in our opinion, the method of compound asymptotic expansions is still the most appropriate tool in piezoelectricity in order to investigate asymptotic properties of shape functionals.
Remark 3 In Section 3.3 we shall outline a different way to modify the piezoelectricity problem in order to study properties of the mechanical and electric fields on the base of known results. This approach is related to studies [31] , [4] , and others, on variational formulations of elliptic problems describing processes in media with complex material coefficients (phase changes due to material properties). In fact we need this technique only for one reason, to maintain the so-called polynomial property [34, 36] , thus the results [31] , [4] are not applied in the paper. We recall that the polynomial property allows to describe all required attributes of the exterior boundary value problem of piezoelectricity by simple algebraic calculations (cf. review [35] ).
The electric enthalpy is but the difference of elastic energy (2.18) and electric energy (2.19). Expression (2.17) implies the external work. Being the difference of the mechanical and electric external works, the component R(u; Ω) of the electric enthalpy has no physical meaning as a whole. Nevertheless, in Section 4.2 we shall observe that asymptotic formulae for E(u; Ω) become meaningful while the analogous formulae for U(u; Ω) look rather queer.
Structure of the paper
In Section 3 the asymptotic analysis of the piezoelectricity problem for the body Ω(h) with a small void ω h is performed (see (3.1) ). The applied here asymptotic procedure [28, Ch.4] requires for introduction of an intrinsic integral characteristics of the void ω 1 in the homogeneous piezoelectric space R 3 , the polarization matrix M (A 0 , ω) of size 9 × 9 (see formulae (3.38)-(3.40)). Theorem 12 establishes general properties of the polarization matrix, see also (4.69) for the case of weak interaction between mechanical and electric fields. The polarization matrix appears in the asymptotic expansion of the boundary layer term at infinity that also permits in Section 3.5 to complete the asymptotic ansatz of the solution to the piezoelectricity problem in Ω(h). The asymptotics constructed in Section 3 is justified in Section 4.1. In Section 4.2 the asymptotics of the energy and electric enthalpy functionals are analysed, while in Section 4.3 rather arbitrary shape functional is considered and the corresponding adjoint state is detected. The paper is completed by inquiring into a piezoelectric body with a weak interaction of the mechanical and electric fields. All asymptotic formulae derived in the paper are made more explicit in such a case due to the fact that for pure electricity and pure elasticity the polarization matrices are known explicitly for many canonical shapes (see, respectively, [48] , [53, 25, 3] and others).
3 Asymptotic analysis
The problem with an interior singular perturbation in the domain
Let ω be an open set in R 3 with a Lipschitz boundary and a compact closure. We assume that both Ω and ω contain the coordinate origin O. Given a small dimensionless parameter h ∈ (0, h 0 ], we introduce the sets
The bound h 0 > 0 is chosen such that ω h ⊂ Ω for h ∈ (0, h 0 ]. By rescaling, we reduce a characteristic size of Ω and ω to the unit and make the coordinates x and ξ dimensionless.
Supposing Ω(h) to be a connected set, we consider the piezoelectricity problem in the domain Ω(h), namely,
3)
In (3.4), n h stands for the outward normal on ∂ω h . Since the Neumann conditions are imposed on the boundary of ω h , there is no traction on ∂ω h and the opening ω h is filled with a dielectric medium. This problem, of course, ought to be reformulated as either integral identity (2.12), or (2.22) in the function spaceH 1 (Ω(h); Γ u ) 4 , hence
Proposition 1 remains valid for the problem (3.6) in the domain Ω(h). For h = 0, the opening ω h disappears and the singularly perturbed problem (3.2)-(3.5) becomes the original problem (2.9)-(2.11). In order to describe the behavior of the solution
as h → +0, we have to assume an additional smoothness of the matrix A, for example, in the ball
is valid, where C k,α (Ξ) is the Hölder space with the standard norm
and ∇ k x v denotes the family of all order k derivatives of v. Since the matrix differential operator
is elliptic (see Section 3.3 below), a solution u ∈ H 1 (B R ) 4 of system (2.9) in B R with the right-hand side
falls into the space C 2,α (B R ′ ) 4 for any R ′ ∈ (0, R). This fact is due to local estimates of solutions to elliptic systems [1] . Note that (3.9) provides the estimate
We also need the Taylor formula
where D(x) ⊤ is the matrix in (2.5) under the substitution 12) d(x)a with a ∈ R 7 implies a rigid motion in the mechanical component and a constant potential in the electric one,
We emphasize a similarity of the matrices
(3.14)
Remark 4 The factor √ 2 is present in the strain column (2.3) in order to equalize the natural norms for tensors of rank 2 with the norms of corresponding columns of height 6. As a result, an orthogonal transformation of the Cartesian coordinate system x implies the orthogonal transformations for all columns introduced to replace tensors (see, e.g., [33, Ch.2] ). By the factor 2 −1/2 in (3.13), we also achieve the relations
where I n×n and O m×n stand for the unit and null matrices of size n × n and m × n, respectively. Notice that (3.12) follows from the first couple of the relations (3.15) and our way to write the Taylor formula.
By (3.7), we particularly obtain 16) with the constant (9 × 9)-matrices A j so that matrix (3.8) of differential operator gets the decomposition
Inserting the Taylor formula for u into the equation (2.9) and using (3.16) yield
Here
Since U is quadratic in x (see (3.14)), the first term on the left hand-side is independent of x.
Remark 5 To guarantee formulae (3.10) and (3.11) with α ∈ (0, 1/2), we could assume f ∈ H 2 (B R ) 4 while deriving u ∈ H 4 (B R ′ ) 4 from local estimates for solutions of elliptic systems (see [1] ). This is due to the Sobolev embedding theorem H l+2 ⊂ C l,α in R 3 for any α ∈ (0, 1/2). However, in Theorem 19 and Remark 20 we shall see that we really need α > 1/2. The latter requires, for example, f ∈ H 3 (B R ) 4 , and, therefore, we prefer here to use the Hölder scale.
The asymptotic ansatz
Based on general results in [28] on the asymptotic structure of solutions to elliptic boundary value problems in a domain with singular perturbations of the boundary, we accept the following asymptotic ansatz for the solution u h of problem (3.2)-(3.5) :
Here u is a solution of the limit problem (2.9)-(2.11), w 1 and w 2 are terms of the boundary layer type, and u is the main regular corrector. The boundary layer terms are treated in Sections 3.3 and 3.4, respectively, and the regular corrector in Section 3.5 below. The cut-off function χ ∈ C ∞ c (Ω) is equal to one in the ball B R/3 and null outside B 2R/3 so that, now, we fix h 0 > 0 such that ω h ⊂ B R/3 for h ∈ (0, h 0 ].
Remark 6
The boundary layer solutions w 1 and w 2 are constructed in Sections 3.3 and 3.4, respectively, along with their decompositions at infinity. In Section 3.5 the main terms of the decompositions, compose the right-hand side of a problem of type (2.9)-(2.11) for the regular solution u.
In view of (3.1), the coordinate dilation x → ξ = h −1 x removes the boundary ∂Ω close to infinity and the formal limit passage h → +0 makes the exterior domain Ξ = R 3 \ ω from the nucleated domain Ω(h). Moreover, the decomposition (3.17) yields
Similarly, for the Neumann boundary operator N h (x, ∇ x ) on the left hand-side of (3.4), we have
where
and n ω is the unit vector of the outward normal on ∂ω. Let us derive the exterior boundary value problems for w 1 and w 2 . First, we insert the ansatz (3.19) into (3.2), make use of the expansion (3.21), and collect coefficients written in the fast variables ξ for similar powers of the small parameter h. As a result, we obtain systems of differential equations in Ξ for w 1 and w 2 (see (3.23) and (3.24) below). Second, we calculate the discrepancy left by the leading asymptotic term u(x) in the boundary conditions (3.4). Namely, by means of (3.11), (3.21), we derive that
Finally, we write the problems
and
The exterior problem in piezoelectricity
The polynomial property [34, 35] of a formally self-adjoint system of differential equations delivers plenty of results for the exterior boundary value problem in Ξ such as the ellipticity, the solvability, asymptotic expansions of solutions, and intrinsic integral characteristics, i.e. the polarization matrices (see [39, Ch.6] , [35, 37] and [40] in shape optimization). As it has been mentioned, the piezoelectricity system (2.9) is not formally self-adjoint, however, introducing the imaginary potential iu 
⊤ brings the sesquilinear form
where i is the imaginary unit and A 0 (i) stands for modified matrix (2.23), ) is not Hermitian in the case A 0ME = O 6×3 , but it enjoys the polynomial property [34, 36, 35] : 27) where Υ is any domain in R 3 and P = {p :
} is a polynomial subspace of dimension 7 generated by the matrix in (3.13).
The above observations made in [36, 35] and the investigation scheme [39, Ch.6 ] provide all results we formulate below with exception for the polarization matrix and here the most attention is paid to this integral characteristics of the opening ω in the homogeneous piezoelectric space.
Let V 1 0 (Ξ) be the Kondratiev space [20] obtained by the completion of the linear space C ∞ c (Ξ) (infinitely differentiable functions with compact supports) with respect to the Dirichlet integral norm ∇ ξ w; L 2 (Ξ) . Applying the one-dimensional Hardy inequality in the radial variable ρ = |ξ|, we use the equivalent norm w;
The problem (3.23) with the right-hand side g ∈ L 2 (∂ω) 4 in the Neumann boundary conditions can be reformulated as the integral identity, similarly to (2.12)
Although ∂ω and g are not smooth, the solution w in Proposition 7 is infinitely differentiable outside of any neighborhood V of the set ω (recall the local estimates in [1] mentioned above). To describe the behavior of w(ξ) as ρ → ∞, we introduce the fundamental matrix Φ(x) of size 4 × 4 for the operator L 0 (∇ ξ ) in R 3 (see [11, 13] ). This matrix is positive homogeneous of degree −1, namely,
The next assertion is due to [20] , [30] (see also [47] and, e.g., [39, Ch.6] ).
Proposition 8
The solution w ∈ V 1 0 (Ξ) 4 of the problem (3.29) admits the asymptotic form
where a ∈ R 7 and b ∈ R 9 while |a| + |b| ≤ c g; L 2 (∂ω) .
Remark 9 Formulae (3.31)-(3.32) can be derived from the integral representation of the solution w through the fundamental matrix (3.30) . In this way decomposition (3.32) is obtained from the Taylor formula in inverted variables ξ|ξ| −2 . Observe that the columns of matrices D(x) ⊤ and d(x) in (2.5) and (3.13) form a basis in the linear subspace of dimension 16 of columns linearly dependent on variables x = (x 1 , x 2 , x 3 ). We emphasize that the matrix notation of elasticity relations combined with the polynomial property allow us to write the complete decomposition of w(ξ) for |ξ| → ∞ in a condensed and convenient form for further applications.
Remark 10 Formula (3.31) contains the matrices d and D in (3.13) and (2.5).
. Then we rewrite (3.31) in the form of strings
Therefore, the asymptotic terms detached in (3.31) are but a linear combination of columns of the fundamental matrix Φ(ξ) (with the coefficients a 1 , a 2 , a 3 and a 7 ; cf.(3.13)) and of the first-order derivatives of the columns (with the coefficients a 4 , a 5 , a 6 and b 1 , . . . , b 9 ). 4 by the lack of their decay rate and, hence, d j (ξ) are not solutions of the homogeneous (g = 0) problem (3.29) in Proposition 8. According to the general method [29] such solutions are used to compute the coefficients in the asymptotic expansion (3.31). We are going to use this method twice. First, we observe that the right-hand side g in (3.23) verifies the orthogonality conditions
Indeed, by (3.15), we get
Proposition 11 Under orthogonality condition (3.33), the column a ∈ R 7 in (3.31) vanishes.
The proof is commented in Remark 16.
be a solution to the problem (3.29) with the specific right-hand side
here j = 1, . . . , 9, e j = (δ j,1 , . . . , δ j,9 ) ⊤ is the unit column in R 9 , and δ j,k stands for the Kronecker symbol. Recalling the problem (3.23) for the boundary layer term w 1 , we see that
with the (4 × 9)-matrix function W composed from the columns W 1 , . . . , W 9 of height 4,
By Proposition 11 and the relation (3.34), we conclude the expansions
where the remainders W j (ξ) obey the estimates (3.32). The coefficients M jp in (3.38) form the matrix of size 9
which, in the analogy with [53, 38, 44] and others, is called the polarization matrix of the opening ω in the homogeneous piezoelectric space. As in Section 2.4, our study of general properties of (3.39) relies on both formulations (2.12) and (2.22) of the piezoelectricity problem. Hence, we have to perform the same sign changes as in (2.23),
Theorem 12 Entries of the modified polarization matrix M (=) satisfy the relation 
for the differential operator L 0 (∇ ξ ). We insert W j and W p (−) into the Green formula written for the truncated domain Ξ R = Ξ ∩ B R and choose the radius of the ball B R = {ξ : |ξ| < R} such that the sphere S R = ∂B R envelopes the set ω. We have
Taking into account the estimates (3.32) for W j and the concomitant estimates |∇
we obtain that the right-hand side I jp right of (3.43) satisfies
where Σ j means the asymptotic term detached in (3.38) and D p(−) (ξ) ⊤ is a column of the matrix D(ξ)
⊤ transformed according to (3.35) . Understanding integrals over the ball B R in the framework of the theory of distributions and using the Green formula, we obtain
Here we have used that, first,
caused by the formula L 0 (∇ ξ )Φ(ξ) = δ(ξ)I 4×4 , i.e., by the definition of the fundamental matrix Φ. Let us process the left-hand side I jp lef t of (3.43). Again integrating by parts, this time in the domains Ξ and ω, it follows that
where mes 3 ω is the volume of ω. Note that, first, the equality (3.35) and (3.15), second, n ω and −n ω imply the outward normals with respect to the sets Ξ and ω, respectively, and, third,
Comparing (3.45) and (3.46), we send R to +∞ and obtain the desired relation (3.41). Theorem 12 ensures the matrix M (=) in (3.40) to be symmetric, in particular, M ME = −(M EM ) ⊤ . However, in contrast to the polarization matrix in elasticity (cf. [53, 38, 44] ) neither M (=) , nor M enjoy the positivity/negativity property. In the case A ME = O 6×3 the piezoelectricity problem decouples into the elasticity and electricity problems so that,
provided, e.g., mes 3 ω > 0. We emphasize that in (3.48) M EE is but the virtual mass tensor (see [48] ). By the perturbation argument, the matrix M has six negative and three positive eigenvalues, if the matrix A ME is sufficiently small (cf. Section 4.4). However, for arbitrary A ME , this property is still an open question.
We have examined the first asymptotic term (3.36) of the boundary layer type in the asymptotic ansatz (3.19) . By the representation (3.38) (see Remark 10), we write the expansion of w 1 (ξ) for ξ → +∞ in the matrix form as follows
The remainder w 1 obeys the estimates (3.32).
Remark 13 Formula (3.49) can be derived in the following way:
The second term in the boundary layer
The system of differential equations in Ξ in the exterior problem (3.23) for the boundary layer w 1 is homogeneous. This leads to relatively simple formulae (3.36) and (3.49) for w 1 . However, w 2 is determined from problem (3.24) which enjoys the inhomegeneities both, in the boundary conditions and in the differential equations. Hence, the immediate objective becomes an inspection of the right-hand side −L ′ w 1 for possible compensation and furthermore, an application of the same procedure as it is described in Section 3.3. However, the resulting asymptotic form (3.59) of w 2 looks quite different compared to (3.49) .
By virtue of (3.16) and (3.17), the operator
gets the following homogeneity property:
Here λ ∈ R, (ρ, θ) are the spherical coordinates in R 3 , ρ = |ξ| and θ = ρ −1 ξ ∈ S 1 , and ϕ, ψ ∈ C ∞ (S 1 ) 4 . Thus, by means of (3.36) and (3.38), (3.32), (3.30) , we obtain that 52) while the formula can be differentiated under the standard convention
. Due to the definition (3.28) of the Kondratiev norm the right-hand side of (3.52) gives rise to the continuous functional
Thus, similarly to Proposition 7, we obtain the existence of a unique solution w 2 ∈ V 1 0 (Ξ) 4 to the problem (3.24). Now, we need to examine the behavior of w 2 (ξ) as ρ → +∞. According to [20] (see also [39, §3.5]), first of all, we have to determine the power-law solution
to the system of differential equations
with the right-hand side taken from (3.52). Note that, in general, the multiplier Z in (3.53) may be linear in ln ρ but, owing to a special form of T , the next lemma proves the absence of the logarithm.
Lemma 14
The system (3.54) admits the power-law solution of form (3.53), whose angular part Z(θ) is defined up to the linear combination c 1 Φ 1 (θ) + · · · + c 4 Φ 4 (θ), where c j ∈ R are arbitrary and Φ j (θ) is the trace on the unit sphere S 1 of the column Φ j (ξ) in the fundamental matrix Φ.
Proof. After separation of variables and rewriting the operator L 0 (∇ ξ ) = ρ −2 L(θ, ∇ θ , ρ∂ ρ ) in the spherical coordinates (ρ, θ), the system (3.54) takes the form
By the Fredholm alternative, this system on the unit sphere has a solution if and only if the right-hand side F is orthogonal to all solutions of the formally adjoint homogeneous system. Owing to [29] (see also [39, Lemma 3.5.9]), the formally adjoint operator for L(θ,
By virtue of the polynomial property (3.27), any power-law solution
Thus, it suffices to verify the orthogonality condition
Let R > r > 0 and let Θ be the annulus {ξ : r < ρ < R}. We have
We have used here the Gauss formula and the fact that the integrands at ρ = R and ρ = r are equal to R −2 D(θ) ⊤ Ψ(θ) and r −2 D(θ) ⊤ Ψ(θ), respectively, so that the integrals cancel each other. Thus, the compatibility condition (3.57) holds true and the system (3.55) admits a solution. It remains to recall that any power-law solution (3.53) of the homogeneous system (3.54) becomes a linear combination of the fundamental matrix columns.
To assure the uniqueness of the solution (3.53), we impose the condition
where ρ −1 D(θ, ∇ θ , ρ∂ ρ ) is the matrix operator D(∇ x ) written, similarly to (3.56), in the spherical coordinates (ρ, θ). Now, we are in position to write an expansion at infinity for the second boundary layer term in (3.19).
Proposition 15
The solution w 2 ∈ V 1 0 (Ξ) 4 of the problem (3.24) admits the asymptotic form
where β > 0 is arbitrary, Z is a power-law solution of form (3.53) and C ∈ R 4 is determined as follows:
Proof. The asymptotic expansion (3.59) with a certain column C and the estimates (3.60) result from [20] and [30] , respectively (see also [39, Ch.3] ). We again employ the method proposed in [29] to evaluate the constant column C. Now, we use the Green formula in Ξ R for w 2 and e p = (δ p,1 , . . . , δ p,4 ) ⊤ . Recalling (3.24), we have
on the sphere S R with the unit normal vector θ = ρ −1 ξ (cf. (3.22) and (3.58)). Similarly to the calculation (3.45), using (3.59) and (3.58), we get
By integrating by parts, the last couple of integrals in I lef t turns into
Here we have applied the decomposition (3.49) of w 1 together with the estimate (3.32) for the remainder. Since its integrand is a positive homogeneous function in ξ of degree −2 (cf. (3.30) ) the integral J p over S R in (3.65) is independent of the radius R and becomes an entry of column (3.62).
The first couple of integrals in (3.63) is equal to
Here, the elementary formula (3.18) has been taken into account. Now the limit passage R → +∞ in (3.63)-(3.65) furnishes (3.61) and (3.62).
Remark 16 Proposition 11 can be proved by an application of the method [29] in the same way as it is made in Proposition 15 and Theorem 12. We only mention that the columns d 1 , . . . , d 7 of the matrix d(ξ) in (3.13) satisfy simultaneously the homogeneous problem (3.23) and the formally adjoint boundary value problem in Ξ with the operators L 
The regular correction term
Let us consider now the subsequent term in the asymptotic ansatz (3.19), namely the regular correction term u(x).
By means of (3.49) and (3.59), we have
where, according to (3.30) and (3.53), we have set
Therefore, this is h 3 u(x) in the asymptotic ansatz (3.19) that compensates the main part of a discrepancy produced by the boundary layer terms w 1 and w 2 . Taking into account the equalities L 0 S 2 = 0 and L 0 S 1 = −L ′ S 2 designated in two last sections, we arrive at the following representation of the discrepancy in the system (3.2) :
Here [L, χ] stands for the commutator of the differential operator L and the cut-of function χ, i.e.,
Recalling (3.16) and (3.17) , in view of (3.67), we obtain that
We see that the regular correction term u must satisfy the piezoelectricity problem
We emphasize that the sum h w
66) becomes of order h 4 only at a distance from the coordinate origin x = 0. However, we have extended equations (3.71) over the whole domain Ω because the singularity O(|x| −2 ) of the right-hand side f (x) is not too strong. In particular, by (3.70), the functional on the right-hand side in the integral identity 
and the one-dimensional Hardy inequality mentioned above (3.28) . Hence, in the analogy with Proposition 1, the Lax-Milgram lemma ensures the existence and uniqueness of the solution u ∈H 1 (Ω; Γ u ) 4 . These observations complete the evaluation of all asymptotic terms detached in (3.19) .
Remark 17
The singularity of f can lead to a logarithmical singularity of the solution u. However, we shall need only the following inequalities with arbitrary β > 0 :
delivered by a result in [30] (see also [39, §3.6] ).
For the further usage, it is convenient to rewrite the ansatz (3.19) in a different form, namely
where, in accordance with (3.66) and (3.67),
In other words, we detach hS 2 (h −1 x) and h 2 S 1 (h −1 x) from the boundary layer terms and attach them to the regular term u. Therefore, the remainder u h in (3.75) stays the same as in the original ansatz (3.19) .
Let us derive an almost explicit formula for (3.76). To this end, let G(x, y) be the Green matrix for the piezoelectricity problem (2.9)-(2.11), i.e.,
Of course, the relations (3.77) are understood in the sense of distributions, so that,
where the linear space C ∞ 0 (Ω; Γ u ) consists of infinitely differentiable functions in Ω which vanish on Γ u . Since A is a smooth matrix function inside of the ball B R (see (3.7)), the Green matrix is properly defined for y ∈ B R (see [11, 13] ) and
Moreover, G can be differentiated in the second argument and we set
By repeating the considerations in and around of Lemma 14, we can detect that
where K is a certain matrix of the size 9 × 4 with real entries and Z is such that Z(x) = Z(x)M ⊤ ε 0 (cf. (3.50) and (3.52)-(3.54)). Since, by definition of u and S q , the vector function U verifies the boundary conditions (3.72) and the homogeneous system (3.71) everywhere in Ω, except at the point O. Let us now compare singularities in (3.79) and (3.76) to conclude that 
If
A is a constant matrix, then the terms Z and KΦ are absent in (3.79), in other words, their presence results from the variable coefficients of differential operator (3.17) . Therefore, the column −f (0)mes 3 ω occurs on the right-hand side of (3.80) instead of the column (3.61). To ensure that the additional column (3.62) does not effect the form of the last term in (3.80), one may put ε 0 = 0 to see that then J = 0. A direct calculation leading to formula (3.80) can be found in [43] for the three-dimensional elasticity problem.
Since the coordinate origin O is situated inside ω h , i.e., outside Ω h (cf. Section 3.1), the second term (3.80) in the new ansatz (3.75) is smooth in the domain Ω(h), although the Green matrices (3.78) have singularities at O.
Justification of asymptotics and analysis of shape functionals 4.1 The justification of asymptotics
The difference
(see (3.19) and (3.75)) satisfies the integral identity
where F h is a certain functional (see, e.g., (4.5)). If the estimate
is proved, we could take v = u h in order to conclude by using (2.14) that
In the sequel, it is shown, that the constants in (4.3) and (4.4) are independent of the small parameter h.
To verify (4.3), first, we assume that v vanishes in the ball B 2R/3 , therefore, χv = 0. Then, we have
Recalling (3.6), (2.12) and (3.73), we observe that the support of the vector function (3.68) satisfies supp f ⊂ B 2R/3 (each term in (3.68) contains either a cut-off function χ supported in the ball, or its derivatives) and, hence, (4.5) is null. Second, let supp v ⊂ B R \ ω h . We write
(4.6)
Since the vector functions u and u are smooth in B R \ ω h , we integrate by parts and obtain
To process the terms I u and I u , we recall the inequality
which is a consequence of the one-dimensional Hardy inequality (cf. [39, §4.5] ) and the trace inequality (see [23] ) 10) where the constants c are independent of h ∈ (0, h 0 ] and v. Now by (4.10) and (3.74), we readily derive that
Analogously, by means of (3.16), (3.11) and (4.10), we have
We may choose β = 1 − α > 0 in order to equalize the final exponents of h in (4.11) and (4.12). Dealing with I w 2 , we write I
Here, we detach 3.66) ) and commute twice the differential operator D(∇ x ) with the cut-off function χ (see (3.69)).
In view of (3.16) and (3.59), the absolute value of the last expression in (4.14), multiplied by h 2 according to the definition of I w 2 in (4.6), does not exceed the sum of the following two expressions:
The radius R is chosen such that B R ⊃ ω. Since the support of |D(∇ x χ)| belongs to the annulus B 2R/3 \ B R/3 where, according to (3.59),
the remaining terms in (4.14), again after multiplication by h 2 , are bounded by ch 4−β v; H 1 (Ω) while we may set β = 1/2 to achieve the same exponent as in (4.15) . In other words, for p = 2, we now have
By formulae (3.49), (3.32) and (3.66), the similar argument leads to the estimate (4.17) for the remainder in the representation
Now, we are in position to conclude the estimate (4.3) for the functional F h in (4.2), (4.5) and (4.6). To this end, we list several facts. First, the inner product (f, v) Ω(h) on the right hand-side of (4.6) cancels the same product in (4.7). Second, the equality
is inherited from the definitions (3.68) and (3.69). Third, we make the coordinate dilation x → ξ = h −1 x in the first couples of terms on the right hand-side of (4.13) and (4.18), simultaneously multiplying the terms by h 2 and h, respectively. Noting that
, we see that these couples and h 3 (f , v) Ω(h) annihilate. Finally, we recall the integral identities (3.29), serving for the problems (3.23) and (3.24) , and after the substitutions x → ξ and v(ξ) → χ(hξ)v(hξ), we detect all terms in the identities on the right hand-sides of (4.7), (4.13) and (4.18). Thus,
and the inequality (4.3) holds true by virtue of (4.12), (4.11) and (4.17) with p = 1, 2. We notice that the lowest exponent α + 5/2 of h occurs in (4.12) because α ∈ (1/2, 1) and α + 5/2 ∈ (3, 7/2). We now formulate the result.
Theorem 19
Let all assumptions in Section 3.1 be valid, in particular, the inclusion (3.9) with α ∈ (1/2, 1). Then the solution u h of the piezoelectricity problem (3.2)-(3.5) and its approximation constructed in Section 3 are in the relationship 19) where the constant c is independent of the parameter h ∈ (0, h 0 ] and the right-hand sides f , g while
In asymptotic estimate (4.19) u stands for a solution of piezoelectricity mixed boundary value problem (2.9)-(2.11) in the intact body Ω and u for the main regular corrector which is a solution of problem (3.71), (3.72) in Ω and admits the representation (3.76) with the smooth addendum U and the singular components (3.67). The boundary layer terms w 1 and w 2 , which are as well present in (4.19), are given by solutions to the exterior problems (3.23) and (3.24), decay at infinity and take asymptotic forms (3.49) and (3.59), respectively.
Remark 20
The obtained estimate (4.19) is asymptotically sharp, in particular, it satisfies the "first omitted term" rule. Indeed, for the smooth data A and f , the subsequent asymptotic term in the ansatz
. This bound appears in (4.20) if α → 1 − 0. Moreover, the estimate (4.19) holds true when the last addendum in (4.20) is changed for f ; C 3,α1 (B R ) with any α 1 ∈ (0, 1). If the right-hand side f ∈ C 2,α (B R ) 4 in the equations (3.2) is not sufficiently smooth, e.g.,
then the asymptotic ansatz (3.19) gains the boundary layer term h 2+α χ(x)w 2+α (h −1 x) with the Sobolev norm in Ω(h) of the some order h α+5/2 as on the right hand-side of (4.19).
A direct calculation show that 21) and, therefore, in view of the relation α + 5/2 > 3 (see (3.9)), the 
The energy and the electric enthalpy
We proceed with energy functional (2.17), assuming for simplicity that the volume forces and the volume charges are absent, i.e., f = 0 on the right hand-sides of (2.9) and (3.2). Then, integrating by parts and taking into account formulae (3.75) and (4.4), we have
imply the solutions of the problem (2.9)-(2.11) with the right-hand sides
Using the representation (3.80) with f (0) = 0 and the modified column U (−) (see (3.42)), we obtain
. Here, we apply formula (3.77) for the derivatives G 0 of the Green matrix G in (3.77). We emphasize that (4.25) because entries of G 0 are given by the derivatives of columns of the fundamental matrix G(x, y) with respect to the second argument, and G (−) satisfies the problem
where I (−) = diag{1, 1, 1, −1} (cf. problem (3.77)). By (4.22) and (4.24) , the following representation is valid:
At the first sight, (4.26) looks like (2.1), however this impression is wrong.
Remark 21
The decomposition u = v M + v E is only a mathematical device in our analysis, since in a smart material it is impossible to distinguish between the strain columns e M = D(∇ x )v M (0) and e E = D(∇ x )v E (0) generated at the point O by the external mechanical loading g M and the electrical surface charge g E in (4.23). Surely, one can measure only the sum ε 0 = D(∇ x )u(0) resulting from complete external action and standing as the first term on the right hand-side of (4.26) . This unususal property of the energy functional should always be taken into account and ignoring the above observation on the decomposition u = v M + v E may provoke for misleading physical conclusions. Similar situation occurs for example for a crack in a piezoelectric medium. Applying the Griffith energy fracture criterion, in [46] the energy release rate at the crack tip is expressed in terms of stress intensity factors, i.e., local characteristics of the elastic/electric state at the tip. In [22] a mistake in a calculation (formulas (33.23) and (34.48) in [46, pages 296 and 312]; cf. comments in [22] ) was discovered and a non-local formula for the energy release rate of type (4.26) was derived rigourously and justified. The non-local character of the energy release rate means that the energy functional U(u; Ω) cannot be employed for a fracture criterion and in the Griffith criterion must involve the electric enthalpy (cf. [15, 46] for an interpretation from the view point of solid fracture mechanics).
ought to be regarded as a global characteristics of the mechanical electric state of the body Ω and, therefore, formula (4.26) has a different physical meaning compared to (2.1) and (4.33) below. Let us now compute the increment E(u h ; Ω(h)) − E(u; Ω) of the mechanical enthalpy determined in (2.20) and (2.21) . Returning back to the general case f = 0, we obtain
Furthermore, in view of representation (3.75) we derive
according to inequality (4.4) and the following relations
In the estimation (4.30) we have used the formulae (3.32) and (3.59) for w 1 and w 2 together with the demanded inclusions α ∈ (1/2, 1) and δ ∈ (0, 1/2). Now formulae (4.28), (4.29) and (3.80), (4.25) convert (4.27) into the form 
due to the smoothness properties (3.10) and (3.11) of f and u.
Let us formulate the result obtained in (4.32).
Theorem 22
The electrical enthalpy (2.20) admits the asymptotic expansion
where u h and u imply solutions of the piezoelectricity problems (3.2)-(3.5) and (2.9)-(2.11), respectively,
is the strain column (3.12) and M (=) = M (=) (A 0 , ω) is the modified polarization matrix which is a symmetric matrix of size 9 × 9 (see formulae (3.39), (3.40) and Theorem 12).
Note that in contrast to the energy functional (2.16) the electrical enthalpy has the topological derivative
expressed in terms of local characteristics of the elastic/electric state in the entire body Ω and of the shape of the small void ω h . Owing to representation (3.41), we emphasize that the polarization matrix (3.39) enjoys the homogeneity property M (A 0 ; ω h ) = h 3 M (A 0 ; ω) which has been used in the passage from (4.33) to (4.34) .
Notice, that exponent 3 in the factor h 3 is conform with formula (3.41) for polarization matrix which contains the volume mes 3 ω of the void.
Shape functionals and the adjoint state
Possible applications of asymptotic analysis performed in the paper include inverse problems, optimum design and shape optimization. We refer the reader to [2, 8, 9] for numerical results of shape and topology optimization by an application of the levelset method. In the levelset method the topological derivative of a specific shape functional is employed to detect the regions of the hold-all domain to include voids in order to improve the value of the functional to be optimized. The numerical method turn out to be very efficient in two spatial dimensions compared to the pure levelset strategy. Another application with, it seems, very high potential for numerical solution are all types of inverse problems to detect imperfections within a geometrical domain on the basis of boundary observations. However, in inverse problems it is required that the data imply the unique identification of the imperfection. This property is unknown, in general, for the strategy which is based on the asymptotic analysis in singularly perturbed domains. In particular, it is an open problem how to identify an imperfection from the observation of a finite number of eigenmodes (eigenvalues), which seems to be a natural and efficient way to solve the problem. The difficulty of such an approach is hidden in the fine properties of topological derivatives which are still to be investigated, for example that some sufficiently large set of observations in the mathematical model based on the asymptotic analysis leads to the uniqueness of the position of imperfection. It means that the derivation of topological derivatives is far from being sufficient for the practical applications of the promising tool of shape and topology optimization and identification. We can consider below some specific examples of shape functionals, the other possibilities, including the spectral problem require some additional work to derive the asymptotic formulae.
We return to the analysis. Recalling the Sobolev embedding theorem
, we assume that the density J in the shape functional
satisfies the following restrictions:
where x ∈ Ω, a and b are arbitrary columns in R 4 , and the vector function J ′ is subject to the conditions
In other words, along with the restrictions on the growth of J and J ′ , the integrand J is differentiable with respect to the first variable and Hölder continuous with respect to the second variable. Moreover, J ′ is Hölder continuous in both arguments. Inequality (4.36) ensure that functional (4.35) is defined for
Remark 23 Simple examples
are related to the least square method and satisfy the above requirements with t = 2 and γ = 1 for R ∈ C 1,α (Ω). In addition, for g = 0 in the boundary conditions (2.10) and (3.3), the work of external forces
and the electric enthalpy (cf. (4.27))
readily display another examples.
We consider the difference
and, owing to (4.37) and (3.75), obtain the formula
Although, the faster rates of decay of the remainders w 1 and w 2 (cf. (3.66)) are not used in the estimation (4.45), the rate of decay becomes an important ingredient of the inequalities
its derivation is much simpler, though. A simplification originates from the relation |J ′ (u(x); x)| ≤ const for x ∈ suppχ ⊂ B R ′ so that one may repeat the calculation (4.30).
Finally, we write
and, in view of (3.11) and (4.40),
Everything is prepared to derive a formula of type (2.1) for the shape functional (4.35).
Theorem 24 Let the assumption formulated above hold true. Then the asymptotic formula
is valid where
4 is a solution of the formally adjoint piezoelectricity problem We recall the representation (3.80) where G 0 is the Green matrix, i.e., a solution to the problem (3.77). The Green matrix and its derivatives help to calculate the solution P of the formally adjoint problem (4.47) and the derivatives G 0 (see (3.78) ) deliver the column D(∇ x )P (x) at the point x = 0. In other words, we write (
⊤ δM ε 0 ) Ω − mes 3 ω(P, δf (0)) Ω = −(D(∇ x )P (0)) ⊤ M ε 0 − P (0) ⊤ f (0)mes 3 ω.
(4.48)
We again used the Dirac mass δ in the framework of the theory of distributions to compute the expression (4.48). Finally, in order to justify our calculations we make the following comments. By assumptions (4.36), (4.41) and (4.40), (3.9), the functional
is continuous and J ′ (u) ∈ C 0,min{α,γ} (B R ′ ) with any R ′ < R. Thus, the same arguments as in Sections 2.4 and 3.1 guarantee the existence of a solution P to the problem (4.47) which is twice differentiable in the vicinity of the point x = 0. These observations make all calculations justified.
The topological derivative of the functional J , i.e.,
T (u, ω) = (J(u(0); 0) − P (0) ⊤ f (0))mes 3 ω − (D(∇ x )P (0))
is non-local since it involves the adjoint state P in (4.47) which depends on the solution u of the piezoelectricity problem in the entire domain Ω.
Example
It turns out, that the so-called weak interaction is quite common feature of piezoelectric materials. Therefore, we are going to present an example for such materials. Assume that there is a weak interaction between the mechanical and electric fields. This means that in the decomposition A = A (0) + A (1) , (4.49)
the entries of matrix A (1) are much smaller compared to non trivial entries of the matrix A (0) . It implies that in the first order approximation the piezoelectricity problem is decoupled into two problems, the pure elasticity problem with the stiffness matrix A MM , and the pure electricity problem with the permeability matrix A EE . We are going to evaluate the main correction terms in the asymptotic expansions of characteristics for the piezoelectric bodies Ω, Ξ and Ω(h) (see Sections 2.3, 3.3 and 3.1). We point out that to evaluate the main asymptotic terms in all formulae given below, it is sufficient to solve only the pure elasticity and the pure electricity problems.
The correction term Φ (1) in (4.55) is a power-law solution of form (3.53) for the system of differential equations Recall that ω contains the origin ξ = 0, therefore, the last term in (4.63) is smooth in Ξ. As a result, a new exterior problem is obtained, with the right-hand side F (1) which decays sufficiently fast at infinity, Now, the decay of G (1) (ξ) can be used, indeed, by Proposition 8 (see [20] and [39, Theorem 3.5.6]) and the calculations (3.34), (3.33) , the solution W (1) ∈ V 1 0 (Ξ) 4 admits the asymptotic form
where the remainder W (1) is subject to the estimates (3.32) with the majorants c k ρ −3−k+δ (δ > 0 is arbitrary) and the notation used for the derivatives of the fundamental matrix Φ (0) is matched with formulae (4.57) and (4.63).
In order to evaluate the correction term M (1) in the expansion of the polarization matrix the method [29] is employed, here we recall that the columns of the matrix 
